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NSTRODUCTION

A first-order partial correctness assertion is a formula {P}a{Q}, where
and Q are first-order formulae and o is a while-program. The assertion
P}a{Q} means that if P is true of some machine state, and if the programa
alts when started this state, then the formula Q will be true in the
alting state of o. Since the set of valid partial correctness assertions
s Hg, there is no finitary sound and complete axiom system for partial
orrectness (see HAREL, MEYER & PRATT [6]).

COOK [4] has shown that the axiom system composed of the rules of HOARE
7] together with the first-order theory of a structure is complete for a
ertain class of structures. More precisely, for any first-order structure
the system HL(A) consists of Hoare's inference rules together with the
irst-order theory of A. The structure A is expressive if, for any while-
rogram o and first-order formula P, the strongest postcondition of o with
espect to P, sp(P,a) = {g}sIAlw : there exists b ¢ IAlw such that o with
nput b terminates in A with output a and A F=P[g]} is first-order definable
n A. Cook's theorem states that if A is expressive, then HL(A) is complete.
n general, however, the set PC(A) of partial correctness assertions that
re valid over A is H?, i.e. co-r.e., in the first-order theory Th(A) of
(cf. BERGSTRA & TUCKER [1]) whereas HL(A) is 20, i.e. r.e. in Th(A). Thus
L(A) is not complete for arbitrary A.

Although expressiveness is sufficient to guarantee the completeness of
L(A), it is not a necessary condition. For example, any nonstandard model
f the integers has a complete Hoare logic, but cannot be expressive (see
ERSTRA & TUCKER [2]). Moreover, proving properties of programs over
xpressive structures may be considered a degenerate case. When expressive-
ess holds, partial correctness assertions reduce to first order formulae.

Since PC(A) is always H? in Th(A) and HL(A) is Z? in Th(A), then if
L(A) is complete the partial correctness theory PC(A) is recursive in Th(A).
his paper studies the following question: is HL(A) complete for every
tructure A such that PC(A) is recursive in TH(A)? We show that it is not.
e will present a general construction of counterexamples for this situa-
ion. A corollary of our construction is that the ability to code finite

equences cannot be removed from the hypothesis of Harel's completeness




sorem for arithmetical universes (HAREL [5]).

As pointed out in HAREL [5], any structure A can be expanded to a
ructure with a complete Hoare logic by expanding to an arithmetical uni-
rse. This expansion may increase the degree of undecidability of the first-
jer theory of A. However, when HL(A) is incomplete but PC(A) is recursive
Th(A), the structure A may be expanded in a much simpler way to obtain
complete Hoare logic. We may consider proof systems HL(L,E) over a first
ler theory E in language L. HL(A) is then identified with HL(L,Th(A)),
en A is an [-structure. It follows from BERGSTRA & TUCKER [3] that A can
expanded to an L*-structure A* with L*-L being finite, such that for some
cidable theory T ¢ Th(A*), PC(A) < HL(L*,Th(A)UT). Thus Th(A) u T, where
is decidable but formulated in an extended language, contains enough

formation to derive all of PC(A).
PRELIMINARIES

We begin by presenting a version of Hoare's inference rules that suits
r purposes. In the following rules, P, Q and R denote first-order formulae,
denotes any quantifier-free first-order formula, t a term, and x a variable.
use Q[t/x] to denote the formula Q with t substituted for all free occur-

nces of x. Greek letters a and B denote arbitrary while-programs.

ssignment Rule) P o> Qlt/x] I {P}x := t{qQ}

{P}a{Q},{Q}B{R}
{P}a;B{R}

omposition Rule)

{PAB}a{Q},{PA - B}B{Q}
{P} if B then o else B fi {Q}

onditional :ule)

PoR,{RAB}a{R},RA - B>Q
{P} while B do a od {Q}

teration rule)

racle axioms) Every P € Th(A) is an axiom.

. the composition rule, the formula Q is called an intermediate assertion,
d in the iteration rule, R is called the loop invariant. Formally, HL(A)

notes the set of all asserted programs {P}a{Q} provable from Th(A) using




1e above rules.

The reader may easily verify that the Rule of Consequence,
P> P, {Pl}a{Ql}, Q, > Q — {P}a{Q}
s a derived rule of HL. Another rule that is easily derived is
{P}a{Q} — {3xPl}a{3xq},

lere X is a variable that does not occur in a. Together, these two rules
aiply that superfluous free variables may be eliminated from invariants a

itermediate assertions of proofs.

IMMA 1. Let X be the set of all variables occurring freein P, Q, or o. I
.(A) proves {Pla{Q}, then there exists a proof of {P}a{Q} in HL(A) using

1ly invariants and intermediate assertions with free variables in X.

The idea of the proof is as follows. Suppose we have a proof of {P}a{Q
1 HL(A) and assume that x is free in P or Q but does not occur in o. Thi
r00f can be transformed into another proof by quantifying over x in each
>rmula.

We define the disjoint union A @ B of first-order structures A and B
1 order to state our theorems. Let L1 and L2 be two similarity types. Le
and B be unary predicate symbols and L a constant symbol, none of which
xlong to L1 u L2. Let A, B be Ll-, Lz—structures, respectively. For any
iteger i and set X let X x i denote X x {i}. Let [ = LyvL,u {A,B,1}.
>fine an L-structure A®Bwith carrier |[AeB| = |A|x0 u |B|x1 u {<2,2>}. We
1iterpret A as the characteristic predicate of IAIXO, B as the characteri
edicate of |B|xl and 1 as <2,2>. We interpret the L.1 (respectively L2)
inction symbols as in A (as in B, respectively), provided all arguments
‘e taken from |A|x0 (from |B|x1, resp). Otherwise, we take the value of
function to be L. We interpret Ll (respectively L2) predicate symbols a
1A(as in B, resp.), provided all arguments are taken from |A|X0 (from
3|x1, resp.), and set to be false elsewhere. In particular, if
€ Ll n L2, then either all arguments of R should be taken from |A|x0 or
.1 from |B|x1.




early a meaningful alternative to this definition would be to use two-
rted structure, but the disjoint union keeps us closer to the standard

iare formalism.

. are now in position to formulate two general theorems which answer the

estion posed in the introduction.

EOREM 1. For every A there is a structure B such that PC(AeB) is recursive
. Th(A®B) .

EOREM 2. For every two structures A and B if HL(A) <8 incomplete, then so
© HL(Ae®B).

.e following corollary, stated as a claim in the introduction, follows

mediately from these theorems.

IROLLARY. There is a structure C such that PC(C) Zs recursive in Th(C) and
(C) Zs incomplete.

00F. Take A bo be any structure for which HL(A) is incomplete (cf. [1,8]
r examples). Then, according to Theorem 1, exists B such that PC{AeB) is
.cursive in Th(A®B). Moreover, according to Theorem 2, HL(A®B) is incom-

.ete. Thus we can put C = AeB,

iis corollary states a result about the actual formal system HL that aims
. proving partial correctness facts true in all generality.

In the sense of BERGSTRA & TUCKER [1] (Thm.2,3) it certainly is con-
:ivable that a special purpose logic of partial correctness can be devised
'r some given structure (I which is complete even if HL(() is incomplete.
\deed that can be done as soon as PC(() 1is recursive in Th(Jd). But the

‘tificial logics thus obtained may well be quite unsatisfactory.

leorem 1 also gives us some insight into Harel's theorem on arithmetical
iiverses (cf. [5]). Let N stand for the standard model of arithmatic. By
leorem 2 we know that for any A with HL(A) incomplete, HL(A®N) is incom-—
.ete. Harel's theorem says that if B is a structure which contains the

:andard model of arithmetic (as a first order definable part of B) and if

has the ability to code finite sequences of elements from |B!, then the




irst order language is expressive for while-programs over B, and therefore
L(B) is complete. Since obviously N is first order definable part of AeN,
it HL(AeN) is not complete, Harel's encoding assumption is necessary to
nsure the completeness of his axioms.

We prove Theorem 1 in Section 3 and Theorem 2 in Section 4.
. ADDING AN EXPRESSIVE STRUCTURE

This section shows that for any structure A, there is a structure B
ich that PC(A®B) is recursive in Th(AeB). If the domain of A is finite,
hen B may be chosen to be any finite structure. Then A®B is finite and
C(AeB) is recursive in Th(AeB). When A is infinite, we will define B to be
copy of A which also has the standard arithmetic operations defined on
he elements of its domain. By construction, the first-order theorey of B
ill contain both the first-order theory of A and the first-order theory
f arithmetic. As a consequence, PC(A®B) will be recursive in Th(AeB).
owever, the structure A®B need not be expressive since there may not be
ny way to code pairs of elements of |A| in Th(AeB).

Assume now that A is finite and its similarity type is L]' We construct

so that PC(A®B) is recursive in Th(A®B) as follows. First, we expand A

0 an arithmetic universe in the sense of [5]. To do this, we add a defin-

ng predicate for '"mon negative integers' N, arithmetic operations, constants
and 1, and in addition, we add a pairing function. The resulting structure,
, has the same domain as A but has a richer similarity type which we

enote by L2. For technical reasons we assume that L1 and L2 are disjoint.

It is clear that Th(B) is recursive in Th(AeB). This follows immedi-
tely from the definition of the ®-construction. Because B is expressive
being an arithmetical universe), HL(B) is complete. Therefore PC(B) is
ecursive in Th(B). Thus, it remains to be shown that PC(A®B) is many-one
educible to PC(B).

We will outline the reduction of PC(A®B) to PC(B) by showing an effec-—
ive simulation of computations on A®B by those on B.

In order to describe a smooth translation of assertions and programs,
e introduce an infinite family of new variables: Yos¥yoeee * The transla-

ion will take a formula with variables XyoX seeo to a formula with




[S2Y

ariables XyoYgrXp sV seee with double the number of quantifiers.

Because the structure B contains in its language names for 0,1 and 2
since it contains the language of arithmetic) it is natural to identify the
lements of |B| which correspond to these names with the actual numbers

s1,2. By means of this identification, we can view
|A@B| = |A| x {0} v |B] x {1} u {<2,2>}.

s a subset of |B| x |B| (recall that |A|=|B|). In what follows we use the
rojection functions on the coordinates, m, and T, on elements of Bl x |B].
We show an effective translation Tr of first order formulae over the

anguage of A ® B to first order formulae over L2. The translation will
ave the property that for every P(Xl""’xn) over the language of A @ B,

nd for all ClseeesC € |AeB],

AeBE P(x],...,xn)[cl,...,cn]
ff

B = Tr(P) (Xl ’Yl 5000 ’Xn’yn)[ﬂ] (C]) ’ '"2(01) KR W] (Cn) s “z(cn)]-

ecause the formal definition of Tr is slightly cumbersome we present its
etails. We first introduce some notations. For a term t we define Ll(t) to
e true if t is a term over language L1 and false otherwise.

We define Tr inductively. Suppose P is an equation t = t', where t
ontains the variables X = {xi: ieJ}, and t' contains the variables

'= {xi:i.eJ'}. Then we want Tr(P) to be true iff

a) both t and t' have values in |A] x 0 and t = t', or

b) both t and t' have values in |B| x 1 and t = t', or

c) both t and t' yield l.

ormulae (a) - (c) can be written formally as follows:

U A = v =+
a') ieJUJ'(yi O)ALl(t)ALl(t)At t

' A - -
b®) jequrt =D at=t




c') [i\é’J(yia‘O)v—-uLl(t)]A[i\e/J(yi#l)]A

[igJ'(yi#O)V—ﬂLl(t')]A[igJ.(yi#l)].

uppose P is an atomic formula R(tl,...,tn) with R € L1 and let X = {xi: ieJ}

e the set of variables that occur in P. Then Tr(P) is:

{[iQJ(yi—O) A j‘-—/:’l L (tj)]v Y (yi—l) } /\R(t1 yeos ,tn) .

£ P is A(t), then Tr(P) is:

by 0570 A 1.

he cases for P of the form B(t) or R(tl,...tn) with R € LZ—LI are simpler
nd we omit them.

£ P is P1 v P2’ then Tr(P) is Tr(Pl) v Tr(Pz).

£ P has free variables X = {xi: ieJ}, then Tr(—~P) is
iQJ(yi=0 v yi=1 v yi=2) A =Tr(P).
inally, Tr(ﬂxiP) is
3x, 3yi((yi=0 Vy;=lvy;=2) ATE(P)).
his concludes the inductive definition of Tr for formulae.
The next step is to extend Tr to programs o over the language of
®B so that for all first order formulae P, Q over the language of AeB

(*) AeB = {P}a{Q} iff B ={Tr(P)} Tr(a){Tr(Q)}.

Let a be a program and let {XO”"’xn—l} contain all variables occur-

ing in o. The translation Tr(o) will use variables Xys Ygs eres K15 Yo

n such a way that the following diagram commutes:




lAeB|™ ¢ > |[Ae B|"

n
<1r1,1r2> <“ls“2>
J A
n
lB!Zn Tr (o) ., |B|
+ first show how to define Tr for assignment statements. Let X, = t be

| assignment statement, where t is a term over the language of A®B. Let
= {xj: j € J} be the set of all variables which occur in t.
If t is a variable, say xj, then Tr(xi i=t) is X, 1T X3 y; =Y. If

is over L1 and not a variable, then ’I.‘r(xi :t=t) is:

= 0 then X = t; y. = 0 else X, 1= 2; y. = 2 f_l_

L 38y i

't is over L—2 and not a variable, then Tr(xi i=t) is

= 1 then X, 1= t3y, = 1 else X, = 2; y. = 2 fi,

TR
1 all remaining cases TR(xi i=t) is x, 1= 2; y; = 2,

Tr(a) is a program in which every assignment statement X, =t in a
i replaced by TR(xi t=t), and every test P in a is replaced by Tr(P).

It follows from (*) that Tr is many-one reduction of PC(A®B) to PC(B).

1is completes the proof of Theorem 1.
HOARE'S LOGIC OVER DIRECT SUMS

In this section we will show that incompleteness of HL(A) implies
icompleteness of HL(AeB).
Let P be a first order formula over the language of A®B. We define

ok relativisation of P to |A|, inductively as follows.

D) if P is atomic, then PA is P
1) (— P)A is — (PA)

.ii) (PvQ)A is P, vV Qy

V) (HXP)A is Bx(A(x)APA).




"X is a finite set of variables, then A(X) denotes XéXA(X). We define
. and B(X) similarly.
)

Using relativised formulae, we can interpret PC(A) in PC(AeB).

MMA 2. Let P, Q be first order formulae over Ll’ and let o be a while-

'ogram over Ll‘ Let X be the set of all variables occurring free in P or

or a. Then
A = {P}a{Q} Zff AeB = {A(X) A PA}OL{A(X) A QA}.

wthermore, <if HL(A®B) proves {A(X) A PA}<x{A(x) A QA} using only invariants
id intermediate assertions with free variables in X and of the form
X) A R,, then HL(A) proves {P}a {Q}.

The proof of this Lemma is straightforward and is omitted. To finish

te proof of Theorem 2, we need the following position.

XOPOSITION 3. Let P be a first order formula over the language of AeB
id let X be the set of all variables occurring free in P. Then there

ists a first order formula Q over L, such that

I

AeB E (A(X) AP) = (A(X) AQA).

ifore we prove Proposition 3, we show how it yields the proof of Theorem 2.

O0F OF THEOREM 2. Assume that HL(A) is incomplete and HL(A®B) complete.

oose {P}a{Q} true in A but not derivable in HL(A). Let X be the set of

1 variables occurring free in P, Q, or o. By Lemma 2, {A(X) A PA} o

(X) A QA} is true in A®B, and therefore HL(A®B) | {A(X) A PA} a

(X) A QA}.

. derive a contradiction by constructing a proof of {P}a{Q} in HL(A). By
mma 1, there is a proof of {A(X) A P} a {A(X) A Q} in which all intermedi-
e assertions and invariants have their free variables in X. In addition,
ch {R}a{S} in the proof may be replaced by {A(X) A R} o {A(X) A S} to

eld another valid proof. Then, according to Proposition 3, all invariants

d intermediate assertions can be written in the form




(X) A RA} a {AX) A SA} with R' and S' are first order formulae over Ll'

* Lemma 2, HL(A) proves {P}a{Q} in contrast to our assumptions. [J
te proof of Proposition 3 uses Lemmas 4-6 stated below.

MMA 4. (l-elimination) For every first order formula P over L1 u {A,B,1}
lere 18 a formula Pl over L1 u {A,B} such that

= P‘L
L

) A+B = (P )A = (PA)'L

\00F. It suffices to notice that we can define the constant L using the

\ary relations A and B: x = L iff — A(x) A —m B(x). 0O

:» say that a formula P of the language of A®B is normalised iff there is a

mber n, formulae Fl,...,Fn over L1 u {A,B} and formulae Gl,...,Gn over

, U {A,B} such that P is of the form ié}(de/G;)'

MMA 5. Let P be a fbrmula over L u {A,B}. There exists a normalised
wrmula Q of the fbrm i/\n(F v(3 ) such that AeB E A(x) o (P =Q) and x

v not free in GB’ i=1,...n. Mbreover all variables free in Q are free
1 P,

00F. Let us consider first the case when formula PB is atomic. If PB is

rer L1 u {A,B} then Q can be PB v false. If x does not occur in PB as free

iriable, then Q can be false v PB. If PB is not over L1 u {A,B}, contains

as a free variable and is of the form R(tl"") then A(x) implies PB =

ilse. The remaining subcase is a formula of the form t,=t,,notover Ll v {A,B},

id containing x as a free variable. Then A(x) implies PB = tl = t2 =1,

tich means that PB is equivalent to a propositional combination of clauses

! the form A(y) and B(y).
If PB is not atomic, then we transform it to the desired form in four

:eps. Steps 2 and 3 should be skipped in case when P, is quantifier free.

B

'EP 1. Replace all atomic subformulae of P_ containing x as a free variable

B
id not over L1 u {A,B} by false or by a combination of clauses of the

rm A(x) and B(x), according to the previous reasoning.




11

'EP 2. Replace each atomic subformula containing both x as a free variable
id at least one occurrence of a bound variable. Since every bound variable
of PB is assumed to fulfill B(y), we again can replace such subformula by

1lse if it is a relation,and by a combination of A and B clauses if it is

irm equality.

'EP 3. Transform PB in such a way, that no subformula containing x as a
‘ee variable is in the range of any quantifier, and the set of all
ibformulae is unchanged (we can do it, because due to step 2 no such atomic

ibformula of contains any bound variable).

'EP 4. Use the laws of distributivity and the de Morgan's rule to transform
; to the form ig?(Fi\/G;) such that F's are created from exactly these
:omic subformulae in which x occurs as a free variable.

1e to the steps 1, 2 and 3 formulae F's are over L1 u {A}, moreover they
ce quantifier free (this is what assures that F is equal to FA). Since all
tomic subformulae introduced in the transformation are of the form A(y) or

(x), the new PB is still over L2 u {A,B}. Moreover, no new variable has

sen introduced. Thus the new PB is of the desired form. ad

> observe that due to the symmetry of the construction of AeB, Lemmas 4

ad 5 are true when Ll is interchanged with L2 and A with B.

IMMA 6. For every formula P of the language of AeB there is a normalised
srmula Q such that AeB k= P = Q.

ROOF. The proof is by induction on P. In the basis case, if P is over
v {A,B} (resp. L2 u {A,B}) then Q can be P v false (resp. false v P). In
he remaining case if P is of the form R(t],...) then it is equivalent in
3B to false, and if it is of the form t, =t then it is equivalent to
| =t = 1. The latter is equivalent in A®B to a formula over {A,B}.

The only nontrivial case in the inductive step is for P of the form
g Q. We assume inductively, that over A@B the formula Q is equivalent to
normalised Q', where Q' is of the form ié?(Fi)/G;).

Since

AeB k= P = iEIVX(inxV G1i3)




is enough to show a transformation of every formula Vx(Fz)/G;) for
=1l,..., n into a formula of the desired form. First we observe that such

formula is equivalent over A®B to the conjunction of the formulae

a) Fi(L/%) v G (L/x)
b) vx[A(x) > (sz c;)J
&) vxlBGx) > (Fyv e,

ing Lemma 4 we convert the (aa) into an equivalent formula of the desired
rm. The transformations of (bb) and (cc) are similar and we present here
ly a transformation of (bb).

Using Lemma 5, we can replace G; in (bb):

' i iy 1

b") vx[A(x) > (FAvJ.?__Q1 (B v I3)) 1.

nce x does not occur free in J%, j=1,...,n, (bb') is equivalent over
B to

' i .3 hi

b") (J.Z%l[(vx(F ve)), vazl.

cause we assumed that F's and H's are over L] u {A,B} and J's are over
u {A,B}, that last formula is normalised. This completes the proof of

e lemma. [
can now prove Proposition 3.

OOF OF PROPOSITION 3. Let P be a first order formula over the language

AeB. By Lemma 6 it is equivalent over A®B to .An(Fl\/Gl), where F.'s
y i=1Y¥AY B i

e over L1 u {A,B} and Gi's are over L2 u {A,B}.
Let X be the set of all variables which occur free in P. Using Lemma
repeatedly for every variable from X we can get a normalised formula

m, 1 i
of the form iQI(KAVLB) such that

AeB = A(X) A P = A(X) A Q"




13

ind in L; no free occur. Let €; be true if A®B = A(X) A L;, and false
itherwise.

Clearly
_ m i
AeB = A(X) AP = A(X) A iél(KAv ei).

.t the formula iéT(sz ei) be called Q' and let Q be obtained from Q' by
‘eplacing subformulae of the form A(t) by true, and subformulae of the

‘orm B(t) by false. It is easy to check that such a Q fulfills our require-

ients. [J

'ONCLUDING REMARKS,

iecause HL is a very natural system, classifying the structures for which

L is complete and for which it is incomplete is an interesting issue.
'revious examples of structures with an incomplete HL such as in BERGSTRA

: TUCKER [1] and WAND [8] share the property that PC() is not recursive

n Th(X) (from which incompleteness of HL(() immediately follows). Our
.orollary yields a different example. Further it is worthwhile to find
,eneralized logics of partial correctness even for the simple case of while-

'rograms.

We would like to state some question based on the following simple

.efinitions.

EFINITION 1. (I is PC-compact if for each asserted program {p}S{q} true
n 0 there is a sentence ¢ ¢ L) such that Mod(¢) = {pl}s{q}.
.. A logic of partial correctness LPC(0) for (I is an r.e. set of pairs
3 ¢i’ {pi}Si{qi} > wiht ¢i e L(A) and {pi}Si{qi} an asserted program over
(). LPC(AX) is sound if for all <¢, {p}S{q}> e LPC(X), Mod(¢) &= {p}s{q}.
PC(A) 1is complete if whenever (I k= {pl}S{q} there is ¢ ¢ Th((X) such
hat <¢, {pls{ql> e LPC().
'« I is PC-complete if there exists a sound and complete logic LPC(() for
[. .

It is easily seen that if HL((I) is complete (I is PC-complete, and
‘hat PC-completeness implies PC-compactness. Moreover, if (I is PC-complete
¢(X) 1is recursive in Th(X).




JESTIONS

t) If I is computable and HL((X) is complete must (I be expressive?
ti) If PC(X) is recursive in I and (I is PC-compactmust HL((I) be comp]
tii) If the answer in (ii) is negative , must (I be PC-complete?

iv) Is there a sound LPC which is complete for all PC-complete structur

of a given signature?
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